The Implications of Tolerance Optimization on Compressor Blade Design by Dow, Eric & Wang, Qiqi
The Implications of Tolerance Optimization on
Compressor Blade Design
Eric A. Dow
Graduate Student
Aerospace Computational Design Laboratory
Department of Aeronautics and Astronautics
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139
Email: ericdow@mit.edu
Qiqi Wang
Assistant Professor
Aerospace Computational Design Laboratory
Department of Aeronautics and Astronautics
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139
Email: qiqi@mit.edu
Geometric variability increases performance variability and
degrades the mean performance of turbomachinery compres-
sor blades. These detrimental effects can be reduced by
using robust optimization to design the blade geometry or
by imposing stricter manufacturing tolerances. This paper
presents a novel computational framework for optimizing
compressor blade manufacturing tolerances, and incorpo-
rates this framework into existing robust geometry design
frameworks. Optimizations of an exit guide vane geometry
are conducted. The single-point optimal geometry is found
to depend on the manufacturing tolerances due to a switch
in the dominant loss mechanism. Multi-point geometry op-
timization avoids this switch so that the geometry and toler-
ance optimization problems are decoupled.
Nomenclature
e manufacturing error field
s surface location
θ element of sample space
C covariance function
x coordinates of blade surface
nˆ surface normal
ρ correlation function
σ standard deviation
L correlation length
λ Karhunen-Loe`ve eigenvalue
φ Karhunen-Loe`ve eigenfunction
ξ Karhunen-Loe`ve random variable coefficient
ω¯ loss coefficient: (po2− po1)/(po1− p1)
d vector of nominal geometry design variables
β flow angle
α incidence angle: β−βdes
Cp pressure coefficient
Subscripts
m manufactured
d design intent
1 upstream station
2 downstream station
o stagnation quantity
b baseline value
1 Introduction
The geometry of manufactured compressor blades in-
evitably differs from the nominal, or design intent, geometry
specified by the designer due to noise in the manufacturing
process or in-service erosion. The impact of geometric vari-
ability is characterized by an increase in performance vari-
ability and a degradation of the mean performance. For ex-
ample, Garzon demonstrated that the mean loss coefficient
of a flank-milled integrally bladed rotor (IBR) increased by
23% due to manufacturing variability [1]. Not surprisingly,
this shift in performance scales with the level of noise in the
manufacturing process, suggesting that tightening manufac-
turing tolerances can improve the mean performance. Re-
ducing manufacturing tolerances increases the manufactur-
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ing costs, so it is important to reduce tolerances only in the
regions of the blade that have the largest impact on the mean
performance.
An alternative approach to improve the mean perfor-
mance is to perform robust design optimization of the nomi-
nal blade geometry. Robust optimization seeks to find a de-
sign whose performance remains relatively unchanged when
variability is introduced. Robust optimization is typically
probabilistic, seeking to optimize the mean, variance or fail-
ure probability of the design [1, 2, 3]. Most previous work
has considered optimizing the nominal blade geometry for
a fixed level of manufacturing noise, i.e. fixed manufactur-
ing tolerances. The notable exception is the recent work of
Goodhand et al., which demonstrated that the robust blade
geometry depends on the level of geometric noise only when
a “switch” in the dominant loss mechanism occurs on some
of the manufactured blades [4]. They provide the example
of leading edge flow separation that occurs on some manu-
factured blades when the leading edge radius of curvature is
reduced beyond a critical value, dramatically increasing the
blade losses. The optimal leading edge geometry therefore
depends on the level of manufacturing noise, illustrating the
potential interactions of geometry and tolerance optimiza-
tion.
In this paper, we present an approach for designing the
manufacturing tolerances to improve the mean performance
of manufactured blades. The effect of tightening manufactur-
ing tolerances is modelled by reducing the geometric vari-
ability. An optimization framework is developed that re-
duces manufacturing variability in the regions of the blade
with the largest impact on the mean performance, and a
gradient-based approach for determining the optimal toler-
ances is presented. This tolerance optimization framework is
incorporated into a geometry design framework to perform
optimization of the blade geometry and manufacturing toler-
ances. The interdependence of the optimal blade geometry
and manufacturing tolerances is analyzed for an exit guide
vane, and recommendations for the design process are made.
2 Random Field Model of Manufacturing Variability
Previous studies of manufactured compressor blades
have shown that the surface deviations are often normally
distributed [5,6,1,7]. We therefore model the manufacturing
deviation as a Gaussian random field e(s,θ) where s indexes
the spatial location on the blade and θ indexes the probability
space. The random field e(s,θ) describes the error between
the manufactured surface and the nominal surface in the nor-
mal direction at the point s on the nominal blade surface:
xm(s,θ) = xd(s)+ e(s,θ)nˆ(s). (1)
This random field e(s,θ) is uniquely defined by its
mean e(s) := E[e(s,θ)] and covariance function C(s,s′) :=
E[(e(s,θ)− e(s))(e(s′,θ)− e(s′))].
A scaling study performed by Garzon showed that for
realistic levels of manufacturing variability, the mean shift
in the loss coefficient resulting from changes in the mean
geometry account for less than 15% of the total mean shift
caused by manufacturing variations [1]. Since the perfor-
mance impact resulting from changes in the mean geometry
are small compared to the impact associated with increased
variance, changes in the mean geometry are not modeled and
the error field is assumed to have zero mean. Previous studies
of manufacturing variations have also shown that the corre-
lation length (the characteristic length scale over which the
correlation function ρ(s,s′) := C(s,s′)/σ(s)σ(s′) decays) is
smaller near the leading edge of compressor blades [1, 8].
This results in variability in the bluntness of the leading and
trailing edges. We simulate the manufacturing errors using
the squared exponential correlation function, which produces
manufacturing errors with continuous curvature:
ρ(s,s′) = exp
(
−|s− s
′|2
2L2
)
. (2)
The correlation length L := [L˜(s)L˜(s′)]1/2 is chosen to be
smaller near the leading edge to produce variations in the
leading edge bluntness:
L˜(s) = L0+(LLE −L0)exp(−s2/w2), (3)
where LLE < L0, and the width parameter w is equal to the
leading edge radius.
2.1 The Karhunen-Loe`ve Expansion
The manufacturing error field e(s,θ) is simulated using
Karhunen-Loe`ve (K-L) expansion. The K-L expansion, also
referred to as the proper orthogonal decomposition (POD),
represents a random field as a spectral decomposition of its
covariance function:
e(s,θ) = e¯(s)+∑
i≥1
√
λiφi(s)ξi(θ), (4)
where λi and φi(s) are the eigenvalues and eigenfunctions of
the covariance function, respectively, and the ξi(θ) are mutu-
ally uncorrelated random variables with zero mean and unit
variance [9]. For a Gaussian random field, the ξi(θ) are i.i.d.
standard normal random variables [10].
3 Tolerance and Geometry Design
Tolerance design changes the allowable level of geomet-
ric variability in the population of manufactured blades. In
general, the optimal tolerance design depends on the nom-
inal blade geometry since changing the nominal geometry
changes the location of flow features whose performance im-
pact is sensitive to geometric variability, i.e. the location of
transition or flow separation. The optimal blade geometry is
found to depend on the tolerances if changing the tolerances
results in a switch in the dominant loss mechanism for some
of the manufactured blades. We now formulate the tolerance
and geometry design optimization problems, and illustrate
the interdependence of tolerance and geometry design opti-
mization for an exit guide vane geometry.
3.1 Tolerance Design
The precision of a manufacturing process can be spec-
ified in terms of its spread, defined as some multiple of the
standard deviation of the dimension of interest, where a di-
mension refers to the size of a particular feature [11]. To
specify manufacturing tolerances around a compressor blade
surface, we specify the process spread, equal to the standard
deviation σ(s), at every point on the blade surface.
In the proposed tolerance design framework, the process
spread σ(s) is optimized to minimize the mean loss. Since
the loss coefficient depends on the flow incidence, we de-
sign the manufacturing tolerances to minimize the mean loss
coefficient over a range of incidence angles by adopting a
multi-point design strategy. A set of Np design points is cho-
sen, each corresponding to an incidence angle. An objective
function is defined as the weighted sum of the loss coefficient
at each incidence angle, i.e.
J :=
Np
∑
i=1
wiω¯(αi), (5)
where the weight vector w = {w1, ...,wNp} weights the rela-
tive importance of different incidence angles.
The tolerance design process determines where on the
blade surface the tolerances should be reduced to have the
most benefit, i.e. to provide the greatest reduction in the
mean loss coefficient. This is achieved by constraining
the level of manufacturing variability, and minimizing the
weighted mean loss E[J]. To quantify the level of variabil-
ity, we introduce the function V (σ), equal to the integral of
the standard deviation of the random field that models the
manufacturing variations over the blade surface:
V (σ) =
∫
S
σ(s)ds. (6)
Reducing V implies stricter tolerances and therefore in-
creased manufacturing cost. In the optimization, the standard
deviation is also bounded from above by a specified value
σmax to ensure that the optimizer does not trade increases in
the variability in regions of low mean loss sensitivity for de-
creases in high sensitivity regions and drive σ(s) to zero. The
optimization problem for designing the tolerances is summa-
rized below:
σ∗ = argmin
σ
E[J(θ;σ)]
s.t. V (σ) =Vb
0≤ σ(s)≤ σmax.
(7)
3.2 Geometry Design
The blade performance can also be improved by opti-
mizing the nominal blade geometry. Geometry optimization
can be either deterministic, where the performance in the ab-
sence of geometric variability is optimized, or robust, where
a performance statistic in the presence of geometric variabil-
ity is optimized. The deterministic approach can be sum-
marized by the following optimization statement, where the
weighted loss is minimized subject to a constraint on the flow
turning ∆β:
d∗det = argmin
d
J(d)
s.t. ∆β(d) = ∆βb.
(8)
The robust equivalent of (8) replaces the weighted loss and
turning by their mean values:
d∗rob = argmin
d
E[J(θ;d)]
s.t. E[∆β(θ;d)] = ∆βb.
(9)
Solving the robust optimization problem (9) incurs a
higher computational cost than solving the deterministic op-
timization problem (8) since estimating the performance
statistics requires multiple evaluations of the performance. If
the optimal geometry is insensitive to geometric variability,
then d∗det = d
∗
rob and the computationally cheaper determin-
istic design approach can be used. In this case, the geome-
try and tolerance optimizations are decoupled, and the toler-
ances can be optimized after the nominal blade geometry by
solving (7).
3.3 Simultaneous Tolerance and Geometry Design
When the optimal geometry does depend on the level
of geometric variability, optimizing the blade geometry first
will result in a sub-optimal design when the level of vari-
ability is changed by the tolerance optimization step. In this
case, the geometry and tolerance optimizations are coupled
and should be performed simultaneously. The simultaneous
geometry and tolerance optimization is formulated by com-
bining the tolerance and robust geometry optimization prob-
lems given by (7) and (9):
(d∗,σ∗) = argmin
d,σ
E[J(θ;d,σ)]
s.t. E[∆β(θ;d,σ)] = ∆βb
V (σ) =Vb
0≤ σ(s)≤ σmax.
(10)
The above optimization problems are solved using a
gradient-based approach. For the optimizations involving
the mean performance, the sample average approximation
(SAA) method is used to compute an approximate solutions.
The SAA method replaces the mean loss and mean turning
with Monte Carlo estimates computed using a fixed set of
random inputs, i.e. a fixed set of realizations {ξ(n)}Nn=1 of
the random input vector used to generate realizations of the
error field e(s,θ) [12]. Fixing the random inputs transforms
the stochastic optimization problems into deterministic op-
timization problems. The deterministic optimization prob-
lems are solved using the sequential quadratic programming
(SQP) method, which is a gradient-based method for solving
nonlinear constrained optimization problems [13].
3.4 Application
We optimize the nominal geometry and tolerances of a
two-dimensional fan exit guide vane developed by UTRC
with design inlet Mach number M1 = 0.73, Reynolds number
1.0×106, and axial velocity density ratio of 1.12 [14]. A tur-
bulence intensity of 4% was selected to reflect conditions in
a typical compressor stage [15]. All flow solutions are com-
puted using the Multiple Blade Interacting Streamtube Euler
Solver (MISES) code, which includes models for both natu-
ral and bypass transition, and can also model shock-induced
and trailing edge separation [16].
The nominal blade geometry is parameterized using a
combination of Chebyshev polynomial modes, acting in the
direction normal to the baseline blade surface, and a stag-
ger angle mode to rotate the blade around the leading edge.
Five Chebyshev modes were used, giving a total of Nd = 6
nominal geometry design parameters. The blade thickness is
constrained by applying equal and opposite perturbations to
corresponding points on the pressure and suction surfaces so
that only the camber and stagger angle are modified.
The standard deviation field σ(s) is represented using a
cubic B-spline basis. This choice of basis ensures that the
manufactured blade surfaces have continuous curvature, i.e.
have no sharp edges. The standard deviation is represented
using Nσ = 41 basis functions, and the knot spacing is re-
duced near the leading edge, since previous studies of the
impact of geometric variability on compressor performance
suggest that most of the increase in loss results from imper-
fections near the leading edge [17].
3.4.1 Single-point Optimization
We first perform a single-point optimization to minimize
the loss at the design incidence. Deterministic (Det) and ro-
bust (Rob) optimizations of the geometry are performed, as
well as a simultaneous (Sim) optimization of the geometry
and tolerances. The tolerances of the deterministic and ro-
bust optimal blade geometries are also optimized. In all tol-
erance optimizations, the standard deviation is constrained
from above by σb/c = 8.0×10−4, roughly twice the level of
variability observed in point-milled compressor blades [1].
The total variability V is constrained to be 98% of the value
computed by evaluating (6) with σ/c = 8.0×10−4.
Table 1 summarizes the performance of the single-point
optimized designs. The second row gives the mean loss
calculated using uniform manufacturing variability (σb/c =
8.0× 10−4), and the last row gives the mean loss calculated
using optimized tolerances. In the absence of variability, the
deterministic optimum has the lowest loss coefficient, 11%
lower than the loss of the baseline design. The robust geom-
etry optimization reduces the mean loss by 8%, and has the
lowest mean loss at the baseline level of manufacturing vari-
ability. The simultaneous optimization has lower mean loss
than the other designs with optimized tolerances, and reduces
the mean loss by 11% relative to the baseline geometry with
uniform tolerances.
ω¯ E[ω¯(σb)] E[ω¯(σ∗)]
Base 2.24×10−2 2.27×10−2 2.25×10−2
Det 2.00×10−2 2.14×10−2 2.06×10−2
Rob 2.06×10−2 2.09×10−2 2.06×10−2
Sim 2.03×10−2 2.10×10−2 2.05×10−2
Table 1. Performance comparison of the baseline UTRC, single-
point deterministic optimal, single-point robust optimal, and single-
point simultaneous optimal designs.
The optimal blade geometries are shown in Figure 1, and
Figure 2 compares the pressure coefficient profiles for the
three nominal blade designs. The deterministic optimization
eliminates the shock by reducing the camber of the first 75%
of the chord, which reduces the losses generated on the suc-
tion side of the blade. The pressure profiles for the robust and
simultaneous optimal blades are similar, with a shock form-
ing on the suction side for both nominal geometries. The
peak Mach number on the suction side of the robust and si-
multaneous optimal blades are 1.15 and 1.14, respectively,
compared to 1.32 for the deterministic optimal blade and
1.26 for the baseline blade. The reduction in shock strength
reduces the shape factor downstream of the shock relative
to the baseline geometry, resulting in lower boundary layer
losses.
Deterministic optimization produces a blade that is not
robust to manufacturing variability: the mean loss of the
manufactured blades is 7% higher than the nominal loss,
and is higher than the mean loss of the other two optimized
blade geometries. The deterministic optimization eliminates
the suction side shock, but also increases the peak suction
side Mach number relative to the baseline design. Some of
the manufactured blade realizations lie in the region of the
design space where a switch in dominant loss mechanism
occurs. Shocks form on the suction side of the blade near
the leading edge for some of the manufactured blades, and
shock induced separation occurs for 10% of the manufac-
tured blades.
The robust design avoids the switch in flow mechanisms
by reducing the peak suction side Mach number. Introduc-
ing manufacturing variations results in shock induced flow
separation on 5% of the blades, resulting in a 2% increase in
mean loss. Simultaneous optimization also avoids the switch
in flow mechanisms by changing the geometry and reducing
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Fig. 1. Single-point optimal redesigned UTRC blades.
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Fig. 2. Pressure coefficient profiles for the baseline and single-point
optimized UTRC blades. The dots denote the location of transition.
the manufacturing variability, and the flow remains attached
for all manufactured blades.
The single-point optimal geometry clearly depends on
the level of geometric variability, and thus the manufactur-
ing tolerances, since deterministic and robust optimization
produce different designs. The dependence of the optimal
geometry on the level of variability is a result of a switch
in the dominant loss mechanism that occurs on some of the
manufactured blades.
The optimal tolerances are compared in Figure 3. We
only show the leading edge since the optimal standard de-
viation outside this region is equal to the baseline value of
σb/c = 8.0× 10−4. The reduction in variability on the de-
terministic optimal blade extends further down the suction
side of the blade than for the other geometries. This reduces
the percentage of blades with suction side flow separation to
3%. The optimal tolerances for the robust optimal blade are
distributed according to a “double bow-tie” pattern: the toler-
ances are reduced on either side of the leading edge. The re-
duction in variability on the pressure side is small relative to
that on the suction side. The pressure side tolerances ensure
flow separation does not occur on any manufactured robust
optimal blades. To quantify the error between two tolerance
schemes σi(s) and σ j(s), we compute the integrated error:
ei, j =
∫
S
∣∣[σmax−σi(s)]− [σmax−σ j(s)]∣∣ ds∫
S
[σmax−σi(s)]+ [σmax−σ j(s)] ds
. (11)
The largest error between the three optimal tolerance
schemes is 37%, illustrating the sensitivity of the optimal tol-
erances on the nominal blade geometry.
3.4.2 Multi-point Optimization
Multi-point optimizations were performed for the
UTRC blade by choosing Np = 3 design points at α=−4.5◦,
0◦, and 4.5◦ and a loss weight vector w = {1/4, 1/2, 1/4}
so that the weighted loss objective function J approximates
the average loss over the incidence range [−4.5◦,4.5◦]. The
multi-point optimal geometries are shown in Figure 4. The
surfaces of the optimized geometries are nearly identical,
and the maximum error between them is 0.5% of the chord
length. The multi-point optimal geometries are similar to
the single-point robust geometry: the optimizer reduces the
camber of the blade, and decreases the blade stagger. The
reductions in the objective function achieved by the various
optimizations are summarized in Table 2, and a comparison
of the loss buckets for the baseline and optimized blades is
shown in Figure 7.
The pressure coefficient profiles for the baseline and
multi-point deterministic optimal geometries are compared
in Figure 5, showing that the optimizer shifts the loading
toward the trailing edge which reduces the strength of the
suction side shock. At the negative incidence design point,
reducing the shock strength reduces the nominal and mean
loss on the suction side of the blade. Flow separation occurs
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Fig. 3. Optimal standard deviation σ(s)/c for the single-point optimized UTRC blades. The lower surface is the pressure side, and the
upper surface is the suction side.
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Fig. 4. Multi-point optimal redesigned UTRC blades.
∑wiω¯i ∑wiE[ω¯i(σb)] ∑wiE[ω¯i(σ∗)]
Base 2.60×10−2 2.68×10−2 2.64×10−2
Det 2.22×10−2 2.29×10−2 2.23×10−2
Rob 2.22×10−2 2.29×10−2 2.23×10−2
Sim 2.22×10−2 2.29×10−2 2.23×10−2
Table 2. Performance comparison of the baseline UTRC, multi-point
deterministic optimal, multi-point robust optimal, and multi-point si-
multaneous optimal geometries.
on the suction surface for only 5% of the optimized manufac-
tured blades, whereas suction side flow separation occurs on
35% of the manufactured baseline blades. On the pressure
side of the blade, the design changes have the largest impact
at negative incidence. Decreasing the blade stagger reduces
the number of blades with pressure side flow separation from
50% down to 14%.
The single-point deterministic optimal design elimi-
nated the shock at the nominal incidence, but increased the
shock strength at positive incidence relative to the baseline
design. The multi-point deterministic optimal does not elim-
inate the suction side shock at any of the design points, so a
switch in the dominant loss mechanism does not occur when
manufacturing variations are introduced. Including varia-
tions in incidence has a similar effect as including manu-
facturing variations: the multi-point optimal design avoids
regions of the design space where a switch in the dominant
loss mechanism occurs. For the multi-point optimization, ro-
bustness to flow incidence implies robustness to manufactur-
ing variations, since changes in incidence have a larger effect
on the mean performance than manufacturing variability.
The insensitivity of the optimal multi-point geometry
to manufacturing variations implies that sequential tolerance
design should give similar results to tolerances produced by
the simultaneous approach. The largest error between the
optimal tolerances, plotted in Figure 6 is 8%, roughly four
times smaller than the maximum error between the single-
point optimal tolerances. The multi-point optimal tolerances
decrease the standard deviation near the leading edge of the
blade, resulting in a “double bow-tie” tolerance pattern. The
greatest decrease is on the suction side of the blade, since
most of the mean shift arises due to suction side separation
occurring at positive incidence.
4 Conclusions and Future Work
This paper has presented a framework for designing the
distribution of manufacturing variability for turbomachinery
blades. Applying this framework to a subsonic exit guide
vane geometry produced a novel “double bow-tie” tolerance
scheme that reduced the extent of flow separation away from
the design incidence angle. Geometry optimization was in-
corporated into the tolerance design framework to optimize
both the design intent blade geometry and manufacturing tol-
erances. Single-point deterministic geometry optimization
produced a design that was neither robust to manufacturing
variations nor to variations in flow incidence. A switch in the
dominant loss mechanism degrades the performance of the
single-point deterministic optimal designs when manufactur-
ing variations are introduced. Multi-point deterministic op-
timization produced optimal blade geometries that were ro-
bust with respect to flow incidence and manufacturing varia-
tions, provided the design variables modify the geometry on
length scales larger than the length scales of the manufac-
turing variations. Such design variables include those that
alter the camber and stagger of the blade. Similar behavior
was observed when optimizing a subsonic rotor blade [18].
When modifying the geometry at smaller length scales, the
design procedures recommended by Goodhand et al. in [4]
should be adopted.
In practice, the proposed framework for tolerance design
can be used to select manufacturing processes that achieve
the required process spread at every location on the blade,
and to construct tolerance bands for rejecting or rework-
ing blades. The proposed approach determines the opti-
mal process spread σ(s), which varies continuously around
the blade. In reality, only finitely many manufacturing pro-
cesses are available, so σ(s) changes discontinuously at the
point where one manufacturing process is replaced by an-
other. Further work is required to determine how to translate
the continuous process spread to a set of manufacturing pro-
cesses in different regions of the blade.
Tolerance bands can also be constructed from the pro-
cess spread by choosing constant factors ki and ko cor-
responding to inner and outer tolerance bands. Blades
whose surface falls within the inner tolerance band xd(s)−
kiσ(s)nˆ(s) are rejected, and blades whose surface falls out-
side the outer tolerance band xd(s) + koσ(s)nˆ(s) are re-
worked. Rejecting and reworking blades that fall outside
the tolerance bands truncates the distribution of the manu-
factured blade variability, as opposed to scaling the distri-
bution according to the process spread. Future work should
recommend how to select ki and ko, and compare the mean
performance of blades toleranced according to bands con-
structed from σ(s) to the mean performance of blades with
scaled process spread.
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Fig. 7. Loss buckets for the multi-point optimized UTRC blade.
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